During the planet formation process, billions of comets are created and ejected into interstellar space. The detection and characterization of such interstellar comets (also known as extra-solar planetesimals or extra-solar comets) would give us in situ information about the efficiency and properties of planet formation throughout the galaxy. However, no interstellar comets have ever been detected, despite the fact that their hyperbolic orbits would make them readily identifiable as unrelated to the solar system. Moro-Martín et al. 2009 have made a detailed and reasonable estimate of the properties of the interstellar comet population. We extend their estimates of detectability with a numerical model that allows us to consider "close" interstellar comets, e.g., those that come within the orbit of Jupiter. We include several constraints on a "detectable" object that allow for realistic estimates of the frequency of detections expected from the Large Synoptic Survey Telescope (LSST) and other surveys. The influence of several of the assumed model parameters on the frequency of detections is explored in detail. Based on the expectation from Moro-Martín et al. 2009, we expect that LSST will detect 0.001-10 interstellar comets during its nominal 10-year lifetime, with most of the uncertainty from the unknown number density of small (nuclei of ∼0.1-1 km) interstellar comets. Both asteroid and comet cases are considered, where the latter includes various empirical prescriptions of brightening. Using simulated LSST-like astrometric data, we study the problem of orbit determination for these bodies, finding that LSST could identify their orbits as hyperbolic and determine an ephemeris sufficiently accurate for follow-up in about 4-7 days. We give the hyperbolic orbital parameters of the most detectable interstellar comets. Taking the results into consideration, we give recommendations to future searches for interstellar comets.
INTRODUCTION
The current understanding of planet formation suggests that very large numbers of minor bodies are ejected into interstellar space by planets during and after formation (e.g., Safronov 1972; Duncan et al. 1987; Dones et al. 2004) . In typical simulations of solar system formation, only a small fraction of the small bodies that have a close encounter with the giant planets are captured into the Oort cloud (the current source of long-period comets, Oort 1950) , the rest are ejected into the interstellar medium. Despite changing understanding of the formation and properties of our Oort cloud (e.g., Levison et al. 2010a; Kaib et al. 2011) , extra-solar debris disks (e.g., de Vries et al. 2012) , and planet formation (e.g., Chiang & Laughlin 2012) , there is general consensus that interstellar space must be populated with a non-trivial population of small bodies, including those corresponding in size to the asteroids and comets in the solar system.
Minor planets that originate in other planetary systems but are currently unbound are usually called interstellar comets (ICs).
7 Although there is one candidate IC known ( §2.2), at present, their existence is essentially theoretical (Whipple 1975; Sekanina 1976; McGlynn & Chapman 1989; Francis 2005) . Technically, many long period comets have slightly hyperbolic orbits, but these clearly originate in the solar system and only appear unbound at present due to minor gravitational and nongravitational perturbations, so are not considered ICs. Indeed, identification of an object as a bona fide IC in the usual orbit determination process would be straightforward, since ICs would have a highly hyperbolic orbit, i.e., eccentricities clearly greater than 1. Future advanced sky surveys, particularly the Large Synoptic Survey Telescope (LSST), will be many times more sensitive than past or present observations (LSST Science Collaborations et al. 2009 ). It is therefore natural to consider whether LSST will detect ICs.
The motivation for finding ICs is two-fold: discovering an IC would provide new observational opportunities and an IC would be an in situ sample of another solar system. Like the discovery of the population of asteroids 7 Although there are no codified definitions, objects unbound from any star that are the natural minor body extension of the interstellar medium are usually called interstellar comets (e.g., Whipple 1975; Sekanina 1976) , while minor bodies detected orbiting around other stars are a natural extension of extra-solar planets and are often referred to as extra-solar planetesimals(e.g., Jura 2005) . Moro-Martín et al. (2009) is an exception to this typical nomenclature.
∼200 years ago and the discovery of the Kuiper belt 20 years ago (Jewitt & Luu 1993) , the eventual discovery of ICs will open new and unique avenues for exploration that will improve our understanding of the formation and evolution of planetary systems. Photometric, astrometric, and spectroscopic investigations can reveal estimates of the origin, physical, and chemical properties of a piece of another solar system. Even without detailed followup observations, the currently unknown frequency of ICs is a useful insight into the efficiency of planet formation in the galaxy. By estimating the frequency at which we expect to observe ICs and then comparing the expected value to the actual observational frequency, we can adjust planet formation models accordingly (e.g., Stern 1990) .
No matter the particulars, discovering ICs or placing upper limits on their frequency would help us to place our solar system in galactic context. However, as a rarely observed population with unique orbital properties, searching for ICs in LSST data will likely require a significant dedicated effort. The value of this effort depends partly on whether the frequency of ICs detected by LSST will have the power to discriminate between different planet formation models. For this reason, we provide a careful assessment of the sensitivity of LSST to different parameters of the IC population.
The assessments of the frequency of detectable ICs has been highly variable ( §2.1). Earlier studies predicted very high numbers of observable ICs, usually by taking what was known from the formation of our solar system, estimating how many comets our solar system ejected into interstellar space, and then multiplying by the number density of stars. For example, McGlynn & Chapman (1989) predicted that the number density of 1 km ICs was approximately 10 13 pc −3 and that this implied that several ICs should have already been detected. Recently, a careful assessment of the frequency of ICs by Moro-Martín et al. (2009, hereafter M09) showed that the actual mass density is orders of magnitude less than these previous estimates, resulting in a number density for ICs larger than 1 km of 10 5−10 pc −3 . M09 is the first study to self-consistently account for several realistic properties of the IC population by incorporating the stellar mass function, giant planet frequency estimates, solar system minor planet size distributions, and a more recent understanding of the formation of planetary systems.
M09 considered the detectability of ICs by LSST, providing a clear explanation of why we have not observed any ICs to date. However, their analytical investigation was limited to considering ICs at the distance of Jupiter and beyond. They concluded that LSST would not be able to detect ICs at this distance. However, there are several aspects that may significantly enhance the frequency of detectable ICs closer than Jupiter: gravitational focusing by the Sun would enhance the concentration of ICs within Jupiter's orbit; ICs may brighten by several magnitudes due to outgassing; much more frequent smaller bodies can be seen at closer distances in a magnitude limited survey; etc.
In order to estimate the realistic detectability of interstellar comets, we have developed a numerical simulation in order to consider all of the factors that play a role in detecting ICs. Our model includes effects from:
• increased density due to gravitational focusing (the effect of the Sun altering the trajectory of ICs);
• photometric phase functions (the effect of observing ICs at different angles );
• comet brightening (accounting for the increase in brightness of comets as they approach the Sun);
• conditions required for observability such as solar elongation (the angular distance between the IC and the Sun) and air mass (e.g., constraints on the altitude of topocentric observations).
These realistic factors will be discussed in full detail in §3. In addition, our method allows for a determination of many other IC properties relevant to observers, such as typical orbital parameters, rates of motion, and sky distribution.
It is worth noting that the results of this paper can be divided into two parts. The orbit propagation and astrometry is based on some small assumptions, but is mostly robust. The estimation of the number of ICs that could be detected by LSST, on the other hand, requires several assumptions, in some cases using quantities not known even to within an order of magnitude which we leave as tunable parameters. In this regard, we occasionally neglect effects that would change the highly uncertain results by a factor of ∼2. The large uncertainty in our estimates should not be seen as a drawback of the model, but rather a motivation to search for ICs in order to place constraints on their currently unknown properties, with implications for planet formation theory.
BACKGROUND

History and Results of Other IC Studies
The currently accepted model of the origin of longperiod comets was not always widely accepted. After some initial work byÖpik (1932) , the beginnings of the modern model of an isotropic cloud of comets tenuously bound to the solar system emplaced by the planet formation process was originally posed as a "hypothesis" by Oort (1950) . At that time, only ∼20 long-period comets had well-determined orbits after correcting for planetary perturbations. One major alternative hypothesis was that all (long-period) comets were interstellar, with perhaps an unseen stellar companion to the Sun helping to capture them (e.g., Valtonen & Innanen 1982) . The distribution of long-period comets and other small bodies in the solar system now give overwhelming evidence for cometary origins in the Oort cloud, though the origin and history of this cloud is still under discussion (e.g., Levison et al. 2010a; Kaib et al. 2011) .
One of the earliest references to ICs in the context of the Oort cloud origin for long-period comets, is the estimate of Whipple (1975) on the frequency of ICs from their non-detection and from the frequency of gammaray bursts. As required for an unobserved population, Whipple (1975) made various assumptions to estimate the mass density of ICs in the galaxy to be less than 3 × 10 −4 M pc −3 . Similarly, Sekanina (1976) estimated an upper limit to the mass density of comets of 6 × 10 −4 M pc −3 based on the non-detection of ICs up to that point.
Based on updated estimates of the number of Oort cloud comets, McGlynn & Chapman (1989) use a simple model to estimate that the number of comets is ∼10 13 pc −3 . If all of these are assumed to have ∼1 km in radius, this suggests a mass density of approximately 10 −5 M pc −3 . These estimates effectively took the number of Oort cloud comets expected from the formation of the solar system (∼10 14 at the time) and multiplied this by the local density of stars. This is well explained by Stern (1990) , who explicitly consider how the frequency of ICs can be used to infer properties of planet formation in the galaxy.
Upon finding that we have not seen the predicted number of ICs, McGlynn & Chapman (1989) attempt to draw strong conclusions, despite the simplicity of their model for the frequency and detectability of ICs. As a response, Sen & Rama (1993) suggested that the stellar density used by McGlynn & Chapman (1989) was an order of magnitude too high, bringing the expected frequency of detectable ICs down enough that they were no longer missing from the observations. Using a much more detailed model and a survey simulator, Francis (2005) placed a limit of 3 × 10 12 ICs per cubic parsec based on a non-detection of ICs in the LIN-EAR survey. If these are all assumed to be ∼1 km in radius, this suggests a mass density of 3 × 10 −6 M pc −3 , two orders of magnitude lower than the earliest estimates. Meinke et al. (2004) mention a study of the Spaceguard survey which found a 97% upper limit on 1 km ICs of 10 14 ICs per cubic parsec, but included a power law distribution (corresponding to q 1 = q 2 = 3.5 in our nomenclature below).
The most recent study (Engelhardt et al. 2014 ) used Pan-STARRS 1 data, a careful analysis of detectability, a power-law distribution (with q 1 = q 2 = 3.5), and included the possibility of cometary activity. This most sophisticated method has similarities with our methodology described below. The 90% confidence upper limit on the number density of 1 km ICs per cubic parsec was 4.7 × 10 14 for inactive comets ("asteroids" in our nomenclature) and 1.6 × 10 13 for active comets. This is not as strong a limit as the Francis (2005) result, but is the result of a more detailed assessment. It is also able to roughly rule out the McGlynn & Chapman (1989) estimate.
M09 was the first theoretical estimate to use a more modern understanding of planet formation, accurate distributions for the frequency of stars of different masses in the Galaxy, and incorporating an IC size distribution to determine a much more realistic estimate for the frequency of ICs. Although their model makes many assumptions about the unknown properties of planet formation and IC properties, these are mostly included in the form of tunable parameters. M09 estimate the mass density of ICs to be ∼2 × 10 −7 M pc −3 , which, when considering a size distribution for ICs, yields a number density of ICs larger than 1 km of 10 5−10 pc −3 . This is between 3 and 8 orders of magnitude below the McGlynn & Chapman (1989) estimate and the Engelhardt et al. (2014) upper observational limit.
Following Alcock et al. (1986) , Jura (2011) has also recently shown that the space density of ICs must be less than predicted by the earlier optimistic assessments by studying the chemical composition of unpolluted white dwarfs (which would have retained signatures of accreted ICs). They place an upper bound on the space density of ICs in agreement with M09 and far less than McGlynn & Chapman (1989) . Zubovas et al. (2012) predict a similar frequency of ICs near the galactic center as a possible source of Sgr A* flares.
Besides illustrating the decline in IC frequency estimated over time, these studies show that simplifying assumptions and unknown properties can yield IC detectability estimates that span many orders of magnitude. Even intercomparing the results of these studies requires assumptions about the size distribution or typical size of detectable comet nuclei and the mass-radiusbrightness relation of comet nuclei, neither of which are known very well. As in M09, we have tried to use tunable parameters to understand the importance of various assumptions. By using the most up-to-date theory from M09 with a model that incorporates realistic estimates of detectability, we have produced the most sophisticated estimate of the frequency of detectable of ICs to date.
2.2.
A Candidate Interstellar Comet? Królikowska & Dybczyński (2013) and Dybczyński & Królikowska (2015) find that comet C/2007 W1 (Boattini) is a strong candidate interstellar comet. While some comets appear slightly hyperbolic due to interactions with the giant planets and/or non-gravitational forces, an analysis of these effects show that, in this case, they are much too small to explain C/2007 W1's orbit with an initial semi-major axis of -23000 AU (1/a = −42.75 ± 2.34 × 10 −6 AU), perihelion of 0.83 AU, and inclination of 10
• (Dybczyński & Królikowska 2015) . Over 1000 observations of C/2007 W1 were obtained over 13 months, sufficient to produce a high quality orbit, as reflected on the Minor Planet Center, which has similar orbital estimates. Another candidate interstellar comet, C/1853 E1 (Secchi), relies on century-old astrometry and can be probably attributed to systematic errors (Branham 2012) . C/2007 W1 was observed spectroscopically and found to be an unusual comet chemically, as might be expected for an IC (Villanueva et al. 2011) , although it wasn't completely out of the range of known comets. It was also the source of a somewhat unusual meteor shower (Wiegert et al. 2011) .
Converting the excess energy in C/2007 W1 from Dybczyński & Królikowska (2015) to a velocity at infinity gives v ∞ 0.27 ± 0.01 km s −1 , much smaller than the expected ∼20 km s −1 for an IC. Along the same lines, C/2007 W1 has a post-perihelion orbit that is bound to the solar system (semi-major axis of 1800 AU, perihelion distance of 0.85 AU) which seems unusual for an IC, though this isn't an entirely separate argument, since the capture is highly enhanced due to the low v ∞ . In our simulations, we do not find a particularly enhanced preference for detecting low v ∞ ICs, so this low relative velocity is seemingly an argument against the interstellar origin of C/2007 W1.
Altogether, the orbital and chemical evidence for the interstellar nature of C/2007 W1 is highly suggestive, but not conclusive. We, therefore, proceed without including this comet in our analysis. (Brown et al. 2004 ). Here we briefly review the known properties of the IC source region. In situ samples of the CHISM as it flows into the inner solar system are taken by observing interstellar neutral atoms, interstellar pickup ions, interstellar dust grains ( 1µm, entrained in the local gas flow), and interstellar micrometeorites ( 10µm and decoupled from the gas). Observations of the CHISM over the last 4 decades have not shown any significant evolution, suggesting that the properties are homogeneous on the scales relevant to near-future IC detections (Frisch et al. 2009 ). The mass ratio of gas to dust in the CHISM is thought to be ∼100 (Frisch et al. 1999 ) and the dust mass density is about ∼100 times bigger than the mass in ICs estimated by M09 (Landgraf et al. 2000) .
Dust smaller than ∼10 microns is observed in situ by dust detectors on NASA spacecraft (e.g., Ulysses, Cassini, Helios, and Stardust) in deep space. The observations show that these grains are fully entrained in the local interstellar flow, as expected since they are small enough to couple to the gas, even at the low CHISM gas densities (Frisch et al. 2011) . The NASA Stardust mission returned samples from its Interstellar Dust Collector, which was designed to capture interstellar grains directly from this local flow (Westphal et al. 2014) .
On the other hand, the trajectories of interstellar dust larger than ∼10 microns is dominated by solar gravity in the region of the Sun and can travel unperturbed for hundreds of parsecs from its source region where they are detected as Earth-impacting micrometeorites by groundbased optical and radar observations (Baggaley 2000; Murray et al. 2004; Musci et al. 2012) . Very little is known about the frequency or properties of larger particles (Socrates & Draine 2009) . Observations of these interstellar micrometeorites have detected a broad "background" source, but also a significant discrete source that may be associated with debris-disk and planet hosting star β Pictoris (Baggaley 2000; Lagrange et al. 2010) . Murray et al. (2004) suggest that large grains may indeed be from discrete sources. However, there is a chance that these interstellar meteoroids are contaminated by solar system particles that have reached hyperbolic velocities due to planetary encounters (Wiegert 2014) . Generally, these have lower velocities than the expected incoming stream of interstellar micrometeorites, but it does present a source of confusion. See Wiegert (2014) , Hajduková et al. (2014) and references therein for additional discussion on interstellar micrometeorites and meteorites.
Direct observation of ICs with LSST or other optical surveys probes the local IC population well above 1-meter sizes. M09 (and our own simulations) found that the most detectable objects will be the smallest ICs which, though intrinsically fainter, typically pass much closer than the larger ICs which more than compensates for their smaller area. Large ( 100 km) ICs are so rare, that they are very unlikely to be seen.
We are not considering objects in the 10000 km size regime, as these unbound planet-sized objects (variously called free-floating planets, rogue planets, interstellar planets, or nomads) can have intrinsic luminosity and have been studied elsewhere (e.g., Kirkpatrick et al. 2011; Strigari et al. 2012 ).
METHODS
We estimate the number of ICs that are detectable with optical surveys. To do so, we simulate the detectability of billions of ICs numerically. Starting with estimates for the physical and orbital properties of the IC population, we calculate their brightness as a function of time based on empirical relations developed for comets and asteroids. Potentially detectable ICs are investigated in more detail to determine their visibility to LSST. Throughout we keep track of tunable parameters, noting that the unknown frequency of ICs means that our final results can vary by at least an order of magnitude. Still, we have attempted to be accurate in our modeling, in order to understand the importance of various effects. Our main mode of simulation assumes that ICs have been well-mixed and form an isotropic population. Therefore, we simulate a large cube centered on the Sun within which the initial positions of ICs are randomly and isotropically generated (but see §4.10 below). The cube is chosen to be large enough (1000 AU) that our simulation is insensitive to edge effects.
In keeping with our isotropic assumption, for each IC we choose a single, initial, randomly-oriented velocity (v 0 ). To track the importance of the velocity in IC detectability, we choose to do many independent runs with constant initial velocities rather than a velocity dispersion in a single run, but this does not affect our conclusions. These simulations confirmed that slower ICs were more concentrated towards the Earth and Sun (due to gravitational focusing), with about twice as many comets with v 0 of 5 km s −1 coming within ∼5 AU than comets with v 0 = 30 km s −1 . Over the age of the universe, even high-velocity ICs will only typically intersect their own mass if they are smaller than ∼1 cm, suggesting that larger particles are completely decoupled from gas in the interstellar medium. These ICs therefore keep their original velocity with which they were originally ejected and are stirred collisionlessly in the gravitational potential of the galaxy, like stars, and should have a similar velocity dispersion of tens of km s −1 . The Sun is not fixed with respect to the galactic reference frame of ICs. The Sun and its vicinity are rotating together around the center of the galaxy. To isolate the local relative motions relevant here, a construct called the Local Standard of Rest (LSR) is used, which is a coordinate system moving around the galaxy in a circular orbit at ∼220 km/s. The Sun's "peculiar" motion relative to the LSR is not known precisely; we use a recent proposed LSR velocity for the Sun from Schönrich et al. (2010) : ((U , V , W ) LSR (11.1, 12.2, 7.3) km s −1 ). To keep the Sun fixed in the center of the simulation, we subtract this velocity from each IC, which preserves the notion that the Sun is flying through an isotropic background of ICs, though they also have their own isotropic velocity dispersion (e.g., Whipple 1975) . We neglect the tiny Coriolis force due to the rotating reference frame.
The Sun's peculiar velocity relative to the LSR is based on the mean motion of main sequence stars assumed to be moving together around the galaxy; the distances to these stars is much greater than the current source region of ICs, but the velocity of the Sun relative to the local interstellar wind or flow is quite similar. Though there are slight differences (usually within the error bars), the entrained dust, the neutral helium, and the cluster of local interstellar clouds are all traveling at nearly the same velocity and uniform direction relative to the Sun (Frisch et al. 2011) which is slightly faster (by 6.6 km/s) and ∼40 degrees offset from the direction of the Sun's peculiar motion relative to the LSR. There is some evidence that the flow direction is even changing with time (Frisch 2012) . However, our simulations show that the direction and magnitude of the solar velocity does not affect the detectability of ICs and we use the LSR-relative motion for simplicity.
Orbital Motion and Gravitational Focusing
Since they are not bound to the Sun, ICs follow hyperbolic orbits. Using the aforementioned initial heliocentric position and velocity, the entire orbital path is determined using the standard equations and osculating orbital elements for hyperbolic orbits in the two-body problem. We do not integrate the orbits of the ICs and therefore do not account for perturbations by the planets (Torbett 1986) or non-gravitational forces (due to outgassing, e.g., Aksnes & Mysen 2011) , since these are both negligibly small for our statistical purposes. By calculating their hyperbolic orbits explicitly, our simulation automatically accounts for gravitational focusing: the excess of ICs that will pass near the Sun due to its gravitational influence. This is not present in the initial placement of the ICs, but as our simulations run forwards and backwards in time for thousands of years, the initial isotropic placement is acceptable.
We also calculate the motion of the Earth (with an arbitrary phase). From this we can determine at any time ∆ earth , the distance from the IC to the Earth, and ∆ sun is the distance from the IC to the Sun. Furthermore, we can calculate the astrometric position (Right Ascension and Declination) of each IC as a function of time, as discussed below.
Broken Power Law Size Distribution and Mass Density
The number and size of the ICs that are initially placed in the simulation cube is determined by using a broken power law size distribution and an overall mass density (m total ). The size distribution defines the number of ICs we expect to exist for a given radius. Throughout this paper the "size" of an IC refers to the radius of the comet nucleus. The mass density is the amount of mass we expect exists in a given volume. The size distribution and mass density are combined by assuming that all ICs have the same density (nominally 0.5 g cm −3 ). As a result we can calculate the number of ICs that would exist in a given volume along with their respective radii.
Our nominal simulation adopts the mass density of M09, with the total mass of ICs of m total = 2.2×10
−7 M pc −3 = 4.5 × 10 26 g pc −3 = 5.1 × 10 10 g AU −3 . If the mass in a cubic AU were concentrated into a single object with the density of water, it would only be 23 meters in radius. This is ridiculously sparse, which explains why ICs have evaded detection thus far, even though their ∼4 AU/year motion relative to the Sun is constantly replenishing the possibility of detection.
We note that, due to the uncertain nature of planet formation and the creation and ejection of ICs, the estimate of M09 could be substantially in error. Several effects could increase the mass density of ICs each by a factor of a few: an updated stellar density (Garbari et al. 2012 ), Oort cloud stripping from galactic tides (Veras & Evans 2013) , ejection of Oort clouds due to the death of stars (Veras et al. 2011; Veras & Wyatt 2012) , and many other possible effects. Since M09, the Kepler Space Telescope has also discovered entirely new classes of planetary systems, calling into question aspects of planet formation theory used to justify the estimates of M09.
Our simulations use the size distribution prescriptions suggested by M09. In particular, the size distribution is a broken power law, with a variable break radius (r b ) and different size distribution slopes on each side of the break. Following M09, we define differential size distribution slopes q 1 and q 2 , such that n(r) ∝ r −q1 if r < r b and n(r) ∝ r −q2 if r > r b . We place practical limits on the minimum and maximum radii in our simulations (see below). The number densities as a function of different q 1 and q 2 values for r b = 3 km are shown in Figure 1 . By detecting serendipitous KBO occultations, Schlichting et al. (2012) have estimated that q 1 ≈ 2.8±0.1, while Fraser & Kavelaars (2009) and Fuentes et al. (2009) suggest that q 2 ≈ 4.5 with a break radius of r b ≈ 75 km in the Kuiper Belt (see also limits from the lack of detection of KBOs by WMAP, Ichikawa & Fukugita 2011) . See M09 for more discussion on the possible size distribution relevant for ICs; here we simulate several different possibilities.
Our "nominal" model uses typically assumed values for the variables that describe the properties of ICs except for the size distribution, where we use a very optimistic case. It is important to remember throughout that the observational and theoretical estimates of parameters in our "nominal" model are sometimes controversial and often with significant uncertainty. This reemphasizes the importance of leaving many variables as free parameters.
Finally, we note here that there was a small error in the number density equation as derived by M09. Their number density equation ( −7 M pc −3 is used. We use a broken power law; shown are the distributions with a break radius at 3 km. This figure also corrects a small error in Figure 1 of M09. The colors and line types correspond to q 1 = 2.0 (light blue, lowest), 2.5 (red), 3.0 (blue), and 3.5 (green, highest); q 2 = 3 (solid), 3.5 (dashed), 4 (dotted), 4.5 (dash-dotted), and 5 (long dashed), where q 1 is the differential size distribution index for objects below the break radius and q 2 is the same for objects above the break radius. Notice the wide variety of number densities at the smallest sizes which translates to significant uncertainty in the detectability of ICs. less than and greater than the break radius. We have made this correction and reproduced a plot of the number density of the ICs in Figure 1 , showing the correction to their Figure 1 for their nominal mass density. Since the number density and observability of ICs is completely dominated by the small objects, their errors above the break radius have no consequence for the results reported in M09.
Calculating IC Brightness
Asteroid Case
Based on the above calculations, we now have the position of the IC, Sun, and the Earth at any time. Determining the brightness is based initially on the standard apparent magnitude equation for asteroids (Bowell et al. 1989) :
(1) where H is the (asteroid) absolute magnitude, related to the intrinsic brightness of the asteroid independent of the observing geometry and γ is the correction for photometric phase described below. Specifically, H is the brightness an asteroid would have if it were 1 AU from the Sun and from the observer and observed with the Sun-asteroid-observer angle of zero (an observing geometry that is only possible if the observer is at the position of the Sun). The absolute magnitude is intrinsic to the body and determined by radius and albedo in the asteroid case. We use the standard definition
where r is the radius in km and p is the albedo. Following M09, our nominal assumed albedo is 0.06, but this is actually only applied to asteroids (the connection between comet brightness and nucleus radius is handled in a different way). The photometric phase angle is the Sun-IC-Earth angle with the IC at the vertex. To encapsulate the effects of diminished reflection and non-uniform surface scattering and non-zero phase angles, we follow standard methods of using a phase function γ to adjust the brightness of the ICs based on its phase angle. The phase function we use is the standard function from Muinonen et al. (2010) :
where G is a slope parameter, Φ 1 and Φ 2 are basis functions for the phase curve (Equation 6 from Muinonen et al. (2010)), and θ is the phase angle. The value of G controls how steep the phase curve is; values close to 0 indicate a steep curve and values close to 1 indicate a shallow curve. We use a steep curve with G = 0.15, the standard value used for objects with unmeasured phase curves. For the most part, the photometric phase angle correction is not significant unless observations are taken at large angles (i.e., far from opposition), when it can drop the brightness of an object by several magnitudes (mostly because of the smaller "day" side). This can be relevant for isotropically distributed ICs which may be seen in non-standard geometries. Throughout, we refer to objects that follow this photometric prescription as "asteroids" although in practice they may be dormant or inactive comet nuclei.
Comet Brightening
As comets approach the Sun they can become active and have a significant increase in intrinsic brightness. There are two aspects of comet brightness to consider: how the radius of the comet nucleus relates to its brightness and how the intrinsic brightness grows in time as the comet approaches the Sun and becomes more active. In both cases, we use the standard empirical methods to determine the brightness of ICs.
To relate the radius of comet nuclei to their brightness, we use the comet absolute magnitude, which we call H c in order to distinguish it from the asteroid absolute magnitude, which is defined differently. The relation to determine H c for comets is
where r is again the radius of the comet nucleus in km and b 1 and b 2 are empirical parameters determined from observational data. These terms absorb the albedo term seen in Eq. (2); the asteroid case is equivalent to b 1 =-0.20 and b 2 = 3.1236−0.5 log 10 (p) = 3.73 using p = 0.06.
Several different values of b 1 and b 2 have been estimated as noted in Table 1 , therefore, we leave these as free (Table 1 and Equation 4). The lines correspond to the different sources as follows: 6% albedo asteroid (green, solid, upper), Kresak 1978 (blue, dotted) , Bailey & Stagg 1988 (red, solid, lower), Weissman 1996 , Sosa & Fernandez 2011 (black, dash dotted) . These illustrate how comets are much brighter than equivalent-size asteroids and the significant uncertainty involved in the comet size-brightness relations. parameters of our model. The nominal model uses b 1 = −0.13 and b 2 = 1.20, the most recent estimates from Sosa & Fernández (2011) .
After determining the absolute magnitude of the comets based on Eq. (4), an additional term is needed to model how the intrinsic brightness of comets grows due to increased radiation from the Sun near perihelion. Following the standard in the comet community, we let the brightness vary as 1/∆ n sun where n is an adjustable parameter called the photometric index (e.g., Sosa & Fernández 2011) . When n = 2, this reduces to the case without comet brightening. Comets are typically modeled with two different values of n, one for the pre-perihelion approach and another for the postperihelion orbit. We use a pre-perihelion n of 5.0 and a post-perihelion n of 3.5, standard for long period comets thought to originate from the Oort cloud, which are the best analog for ICs in this regard (Francis 2005) . Large values of n correspond to steeper brightening functions.
The photometric index is based on empirical observations of comets that are generally based on detections within 5 AU and should be determined in conjunction with H c , b 1 , and b 2 (e.g., Sosa & Fernández 2011) . In our analysis, we allow H c to be defined by the assumed nuclear radius (r) using Equation 4 independently of any correlation that may exist between n, b 1 , and b 2 . This affects the direct comparison to comet studies in the solar system, but is still a reasonable approximation in the face of other systematic errors and uncertainties in comet parameters. We also note here that the common comet absolute magnitude H 10 is equivalent to H c under the assumption of a photometric index of n = 4, e.g., a brightness that depends on the Sun-comet distance to the fourth power.
At distances far beyond Jupiter, the photometric index strongly penalizes the comet magnitude in an unrealistic way. Although it does not affect our results, we avoid this by requiring that the magnitude of an IC be always less than (e.g., brighter than) the magnitude of an interstellar asteroid with 6% albedo. Using this piecewise definition we ensure that a comet is never fainter than an asteroid of equivalent properties. A typical example of the brightness of a comet and asteroid in our model is shown in Figure 3 .
The full magnitude equation for comet brightening then becomes:
earth ) −2.5 log 10 (γ) (5) which includes the most relevant effects. We do not consider intrinsic brightness variations due to rotational modulation or outbursts and we assume that any extended brightness due to a coma is smaller than the photometric aperture.
Criteria for Determining Detectability
Using the above methods, we can take a specific population of ICs and determine their brightness at any time. The vast majority of ICs in the initial simulation are completely undetectable due to the large region of space modeled (1000 AU cube). To produce results that are robust from small number statistics, we use a Monte Carlo approach of simulating billions of ICs in order to ensure that a significant number (usually 100) of detectable ICs are generated. This necessitates the use of renormalization between simulated ICs and the actual proposed population of ICs, e.g., the orbital path of each simulated IC can represent a variable number of ICs that would actually be present, given the parameters of the simulation. We also calculate IC observations over a few thousand years and then average the non-transient portions of these observations in order to determine the rate of detectable ICs, even when this rate is very small.
The first step in narrowing down the large number of simulated ICs into those that are potentially detectable is an optimization routine that determines the minimum magnitude of a particular IC. We begin this routine with an initial guess that maximum brightness is at perihelion. In reality, there can be multiple maxima in brightness due to the orbital motion of the Earth. However, we determined that ICs that had a minimum magnitude of fainter than 28 in this first step will never be detectable by LSST. Asteroid magnitude vs. comet magnitude at opposition for an object with 1 km radius. Distance refers to the Earth-IC distance (∆ earth ) and the Sun-IC distance is ∆ sun = ∆ earth + 1 in this illustration. The red dashed-dotted line represents the magnitude equation for a comet with a photometric index of n = 5. The green dashed line is the magnitude of an asteroid. Since the comet brightening parameter inappropriately penalizes the brightness at large distances, when modeling the brightness of an IC, we use whichever is brighter (solid black line). Both comets and asteroids are far brighter when they are close to the Earth/Sun, but cometary activity can increase the brightness even further.
The second step takes these potentially detectable ICs and computes their observational parameters on a much finer time grid that covers the possible range of observable times, based on the minimum magnitude found earlier. Every few hours, the brightness, solar elongation, airmass, and other parameters are determined. We consider an IC "detectable" or "observable" if it meets the following criteria during at least one timestep:
1. IC magnitude less than the limiting magnitude 2. Solar elevation less than -18
• (end or beginning of astronomical twilight) 3. IC airmass less than 2 as observed from Cerro Pachon (future site of LSST)
Note that the latter two effects automatically require the solar elongation to be greater than 48
• . This is important since comet brightening is extremely and unrealistically enhanced when the Sun-IC distance is very small. We do not consider the effects of the Moon, the specific observing cadence, downtime, imaging fill factor, etc. In practice, we find that detectable ICs are often detectable over several days or weeks, so it is not likely that LSST will miss a substantial fraction of these objects due to these effects, as long as the above detectability criteria are met. We discuss the possible effects of trailing below, but otherwise assume that the survey is 100% efficient up to the limiting magnitude for simplicity. Note that the meaning of limiting magnitude in surveys is a 50% recovery rate, while our usage of the term implies a 100% recovery rate.
RESULTS
Using our model, we calculate the results of the number of observable ICs detectable by LSST (or other surveys) for different choices of the input parameters. This is summarized in one number, N LSST , the number of ICs expected to be realistically detectable over the LSST's 10-year lifespan as a function of limiting magnitude. LSST plans to have a limiting magnitude of about V ≈ 24.5, which is the nominal value we use throughout the discussion. Due to larger uncertainties in other parameters, we do not consider the effects of color or specific filter choices.
In order to consider the effects of individual parameters, we begin with a "nominal" model using the parameters in 2 and then consider the change in N LSST due to changes in particular parameters. The results for these models are shown in Table 3 . We then describe a simple set of linear equations that can be used to extrapolate our results to a much wider variety of different input parameters than shown here. Finally, we consider the astrometric signature of detectable ICs. Though the unknown parameters of the IC population affect N LSST by orders of magnitude, we show specific values here to demonstrate the comparison between different models.
Nominal Model
As discussed above, our nominal model uses standard (though uncertain and sometimes controversial) values for the input parameters, except for the size distribution, where we use the most optimistic case. Therefore, "nominal" should not be misconstrued as "best guess" and the nominal case is designed for comparison to M09. The specific values chosen are given in Table 2 . It uses the mass density of M09 and the size distribution parameters (q 1 , q 2 , r b ) that give the maximum number of small objects. We use the Sosa & Fernández (2011) radiusbrightness relation and otherwise assume typical photometric parameters.
Most comets seen in the inner solar system have a minimum nucleus radius of order 1 km. A common explanation for the lack of small comet nuclei is that these objects readily disintegrate and, effectively, evaporate, before they reach the inner solar system in a coherent form (Levison et al. 2002) . ICs of this size may also be destroyed by the same mechanism in previous close stellar passages. Therefore, we consider it unrealistic to consider active ICs with nuclei sizes below 0.1 km, and choose our nominal model to have a minimum IC nucleus radius of r min = 0.1 km. Even this is very optimistic, as comet nuclei smaller than ∼1 km may be far rarer than the size distribution would suggest. Based on this model, we expect LSST to be capable of observing on the of order 1 detectable IC over its 10 year lifetime (Table  3 , Line 1). There is significant uncertainty and significant optimism in this result, but it is plausible for LSST to detect an interstellar comet. These conclusions are discussed further in §5. 
Difference Compared to M09
Nominal ignoring the phase function no phase function
Nominal using the comet density from M09 ρ = 1.5 g cm −3 ,
Nominal excluding comets within 5 AU ∆ earth ≥ 5 Table 2 . Note that the uncertainty in these parameters imply that the number of ICs detectable by LSST ranges by orders of magnitude.
Although we cannot exactly reproduce the conditions used in the analytical estimates of M09, we can approximate this model by using equivalent parameters: turning off the mass of the Sun (which removes gravitational focusing), turning off comet brightening, turning off the phase function, and only considering ICs that are at least 5 AU away from Earth. We still enforce the airmass and solar elevation constraints (a reduction of a factor of ∼3). This yields a detection frequency of N LSST 0.002 (Table 3 , Line 6), similar to the estimate given in M09 (10 −2 − 10 −4 ). Considering each of these factors individually (Lines 2-5), we find that the largest effect in the increase of N LSST seen in our analysis is the inclusion of ICs that come closer to the Earth than 5 AU. Not only does this makes ICs brighter because they are closer, but it makes objects that are smaller detectable. Since the size distribution is steep, decreasing the minimum size of detectable ICs creates almost a 10-fold increase in the number of expected detections. This can also be seen in the modest increase gained by decreasing the nuclear bulk density; since the mass density per unit volume is fixed, this has the effect of increasing the number of objects at a certain size (Line 4).
Varying Parameters
A large variety of tests show that the primary determinant of N LSST is the number of objects at the smallest radii, unsurprising for a magnitude-limited survey of objects with steep size distributions. It also means that our results are strongly sensitive to parameters which affect the number density at the smallest radii. For a fixed number density, changing the size distribution slopes q 1 and q 2 strongly affects the number of objects at the smallest sizes (Figure 1) and N LSST correlates with these changes. Similarly, increasing the total mass density of ICs to, for example, the overly optimistic estimate of McGlynn & Chapman (1989) , increases the detection frequency significantly to N LSST ≈ 6000.
We illustrate this point by changing the minimum de-tectable radius in our "nominal model" from 0.1 km to 0.2, 0.5, and 1 km in Lines 8-10, which decreases N LSST from 0.57 to 0.39, 0.22, and 0.14, respectively. The use of different minimum radii mimics that of brighter limiting magnitudes.
A much more realistic case than the "nominal" values above draws from our understanding of solar system comets. This uses a differential nuclear radius distribution of q 1 = 2.92 from comets (Snodgrass et al. 2011) coupled with the fact that comets with sizes smaller than ∼1 km are unusually rare (e.g., r min = 1 km). Although they are not as important, we also use q 2 = 4.5 and n pre = n post = 4 (to mitigate issues with the H c -r-n distribution mentioned above). With these more realistic parameters, N LSST becomes 10 −3 , much lower than the nominal case because of the less favorable (but more realistic) size distribution and cut-off. Using r min = 0.1 would still only give N LSST 0.005.
Given the large uncertainties in the most important parameters, we have determined which parameters can be considered as minor effects. Based on our simulations, gravitational focusing, the specific photometric phase function, the chosen bulk nuclei density, the intrinsic IC velocity dispersion, the direction and velocity of the Sun's interstellar motion, and the different radiusbrightness relations affect N LSST at the factor of 2 level only (see Table 3 ). Figure 4 shows the effect of the different size-brightness relations for comets and asteroids (see Table 1 ), before observability criteria are enforced.
Asteroid Case
Depending on the parameters of planet formation, both rocky and icy bodies can be ejected into interstellar space (e.g., Weissman & Levison 1997; Shannon et al. 2015) . If we consider the case of interstellar asteroids (or dead/inactive comets) that are not subject to disintegration, then we can probe to much smaller sizes where the objects are much more frequent (r min = 0.01). In this case, we move from a specific comet brightening law to using a particular albedo, nominally 0.06. However, we lose the advantage given by comet brightening. Considering the interstellar asteroid case down to a size of 10 meters shows that these two effects roughly cancel with N LSST ≈ 0.9. (Table 1 , Line 12). Figure 4 shows how the comet radius-brightness relation and the asteroid case compare, though it is important to remember that these assume an overly optimistic value for the differential size distribution power law index. Note also that we are not considering a bimodal model of ICs, but rather assuming that the entire mass density is either in the comet or asteroid cases.
As discussed below, interstellar asteroids of these sizes are moving very rapidly on the sky. Such objects will create a trail of significant length, even in LSST's short 15 second exposures. To account for this trailing, we adjusted the brightness of these objects down according to how long their trail would be compared to the expected FWHM of LSST detections (2"), effectively approximating a surface brightness of the trail as if it were a point source. This amounted to a small reduction of N LSST down to 0.75, suggesting that trailing is just beginning to become important. An optimal detection algorithm would search for statistically significant trails, even if they fell below the point source detection limit Table 3 which are the cumulative number of detections). Here we can see the effect of the different parameters b 1 and b 2 for comet nuclei size distribution cases compared to the asteroid case. The nominal parameters are used, including extremely optimistic radius distribution differential power law slopes (q 1 = 3.5). The markers correspond to the different comet brightening cases and the asteroid case as follows: asteroid (green, •), Kresak 1978 (blue, +), Bailey & Stagg 1988 (red, 2), Weissman 1996 (magenta, ), and Sosa & Fernandez 2011 (black, ) . Statistical uncertainties due to Monte Carlo approximation errors are of order ∼10%, which accounts for some of the variability shown. These are the numbers of detectable ICs before the observability criteria (airmass < 2, solar elevation < -18
• ) are applied; requiring the objects to be observable decreases the frequency significantly, especially in the asteroid case.
(e.g., Vereš et al. 2012 ). In the case where r min ≈ 0.001 km and N LSST ≈ 10, such an algorithm would be essential, though there are unavoidable trailing losses that presumably mitigate the ability of detecting ∼1 meter interstellar asteroids.
Limiting Magnitude
Changing the limiting magnitude modifies the typical distance at which the smallest ICs can be detected; the larger limiting magnitude of a deeper survey increases the volume where small ICs can be detected. In practice, the effect on N LSST is not as strong as might be expected, due to the combination of actual IC motion with respect to the Earth and the Sun, comet brightening effects, and our requirement that ICs be greater than r min = 0.1 km. Interestingly, shallower surveys have non-negligible sensitivity, suggesting that existing surveys can place interesting upper limits on the frequency of ICs, as seen in the work of Francis (2005) , Meinke et al. (2004), and Engelhardt et al. (2014) . However, keep in mind that N LSST assumes a 10 year survey duration that is 100% efficient at finding any detectable IC brighter than the limiting magnitude, so existing ground-based surveys should be much less sensitive.
Another important consideration is that our frequency of detections assumes that the IC must be detected in a single image or exposure. It is possible that "shift-andstack" techniques (e.g. Parker & Kavelaars 2010; Heinze et al. 2015) can use the same survey to effectively reach ∼2 magnitudes deeper, which would certainly improve the detection rate as seen in Table 1 .
The change in N LSST as a function of magnitude suggests that it is better to spend survey time to go "wide" than it is to go deeper, all else being equal. This is partly due to the fact that the IC population is continuously replenishing due to solar motion through the Galaxy. However, the rarity of ICs means that even a survey wide enough to cover the whole sky every three days will still need to go deep in order to have a clear chance of detecting ICs. It also suggests that LSST's use of "Deep Drilling Fields" which are more heavily observed to reach a deeper co-added magnitude, are not likely to help unless combined with a shift-and-stack technique.
The asteroid case is much more sensitive as a function of magnitude. Very deep searches that are sensitive below r min = 0.01 km could significantly benefit from going deeper, but would have to deal with larger amounts of trailing. A new technique which combines high-speed cameras with the shift-and-stack technique has successfully discovered Near Earth Objects (which we show below would have similar rates of motion as ICs would have) as small as ∼8 meters Shao et al. 2014) . However, as ICs are incredibly more sparse than NEOs, this method would have to be scaled up by orders of magnitude before ICs would be detected.
Enabling Extrapolation to Other Values of
Simulation Parameters Through efficient programming and data control techniques, we were able to complete a full simulation of billions of ICs in, typically, several minutes, allowing for the computation of many possible models ( Table 3 ). So that future studies can utilize and extrapolate our results, we have run several models with large variations in one or more parameters in order to see how N LSST changes. We have found that the following multi-linear model gives an accurate estimate. However, we again caution that the true values of most relevant parameters are not well known and that the prediction of the number of ICs detectable by LSST or other surveys ranges over orders of magnitude.
Let log N = µ( θ) × log(r) + β( θ) where N is the (differential, not cumulative) number of detectable ICs per year at V=24.5 where r is the nuclear radius of the ICs in km. To go from N to N LSST requires multiplying by 10 (due to the 10-year baseline) and removing objects that are not observable (e.g., airmass ¡ 2, solar elevation ¡ -18
• ), which is a factor of 10 0.5−2 depending on the specific populations.
At the small radius end of the distribution, the relationship between log N and log r is approximately linear (e.g., Figure 4) . In that regime, we can describe the relationship between them using a slope and yintercept, µ, and β, which are each themselves linear Figure 4 . We can then define log N = µ( θ) × log(r) + β( θ) where µ, and β are each themselves linear functions of the parameters q 1 , q 2 , b 1 , b 2 , v 0 , ρ, n pre , n post , and log 10 (m total )) (in the units given in Table 2 ), plus a constant. The number of significant figures displayed helps to ensure an accurate estimate. The values of β, which are related to the normalization of the power law, are somewhat representative of the importance of this parameter, e.g., the differential size distribution slope for small values (q 1 ) is much more important than the velocity dispersion (v 0 ). Note that r min is not included because the result gives N as a function of size, which can then be evaluated at the desired small size cutoff.
functions of the parameters θ. We describe the values of µ and β as a linear combination of these parameters, θ = (q 1 , q 2 , b 1 , b 2 , v 0 , ρ, n pre , n post , and log 10 (m total )) (in the units given in Table 2 ), plus a constant. The values of β are somewhat representative of the importance of this parameter, e.g., q 1 is much more important than v 0 . Note that r min is not included because the result gives N as a function of size, which can then be evaluated at the desired small size cutoff. The coefficients of each of the parameters in θ in this linear model are given in Table 4 . They are obtained by performing a least squares fit for different runs of the simulation. A wide range of values for each parameter is used including varying multiple parameters at once, so as to make the model applicable to values beyond what is listed in Table 3 . Although clearly not all of the figures listed are significant, using these values yields a correlation between this multi-linear approximation and the full model simulation with a high Pearson correlation coefficient (R 2 > 0.95). To illustrate, we can very unrealistically set each of these values equal to 10, which would give µ = 2.758 − 2.364−4.544−2.8...+0.022 = −10.571 and β = −30.399+ 30.801−11.67...+9.87 = −39.445 which implies that N = 10 −39.445 r −10.571 , which can then be related to N LSST as discussed above.
Using these results, future studies should be able to generate their own expectations for the number of detectable ICs by large scale surveys covering a wide range of observational and theoretical parameter space.
Representative Orbits of Detectable ICs
We have carefully created a model of the most detectable ICs under realistic observing conditions. Here, we present the orbital parameters of a representative sample of the most detectable ICs and interstellar asteroids. Table 5 shows these parameters for 20 ICs and 20 interstellar asteroids drawn from the nominal case.
It also serves as an ideal test population for future IC detection algorithms, similar in spirit to the Pan-STARRS Synthetic Solar System, which also contained an estimated interstellar object population (Grav et al. 2011) .
In Table 5 , we show the radius for the IC from our simulation; this is a randomly-selected list of typical detectable IC properties from a Monte Carlo run that simulated a large population of ICs. As discussed above, the most detectable ICs typically have sizes just larger than the minimum detectable radius r min (here 0.1 km), since these are most abundant.
Detected ICs have perihelia near the Earth's orbit, but detected interstellar asteroids tend to have perihelia less than 1 AU. The distribution of orbital angles is effectively isotropic. ICs with lower incoming velocities are slightly favored, as expected from the enhancement due to gravitational focusing. However, they always have significant excess velocities, so will be clearly distinguishable from near-parabolic comets with v ∞ 0. This reinforces our caution of interpreting C/2007 W1 (Boattini) as a true interstellar comet ( § 2.2).
Astrometric Analysis
As input to future observational efforts, we have taken the set of the most detectable ICs shown in Table 5 and studied their astrometry for the purpose of orbit inversion. We estimate the amount of observational data required to determine that an object is an IC and to secure its orbit so that follow-up observations can be obtained.
To set the stage, Figure 5 shows the rate of motion of ICs the sky as a function of apparent brightness. ICs have rapid apparent motion, with typical rates of hundreds of arcseconds per hour, comparable to near-Earth objects (NEOs).
First, we generate LSST-like synthetic astrometry for these ICs. Then the resulting astrometry is fed into a statistical orbit computation algorithm which provides an orbital solution. Finally we compute ephemerides based on the orbital solution. The software tools (less the shell scripts) are available in the OpenOrb package (Granvik et al. 2009) 9 . This code is different from the one developed to identify detectable ICs. Due to the difference in Earth's orbital position and a few other small details, not all of the ICs in Table 5 are detected (at our magnitude cutoff of V=24.5) in these astrometric simulations, but this does not affect the results. This completely separate code also finds most of the ICs in Table 5 as detectable, partially validating our simulations.
For determining the astrometric orbits, we use the twobody approximation, no non-gravitational effects, JPL's DE405 planetary ephemerides, and a geocentric observer (as opposed to the topocentric observer used above). These approximations do not affect the astrometric results. Distribution of sky rate of motion vs. magnitude for detectable ICs. In this case, the ICs were given zero velocity dispersion. The nominal and other models are similar. For individual objects (except for ICs which are observed near their apparent fixed points), an increased brightness and rate are correlated due to a closer approach to Earth. Synthetic astrometry is generated by propagating the ICs through their perihelion passage and recording their (RA,Dec) coordinates twice with an interval of about 15 minutes every three days if the apparent V -magnitude V < 24.5, the solar elongation > 45 deg, and the lunar elongation Moon > 45 deg. Random Gaussian noise with σ = 0.1 is added to the coordinates to mimic astrometric uncertainty, though this may be an overestimate for a fully-calibrated LSST.
We compute an orbital solution using the statistical ranging method (Virtanen et al. 2001; Granvik & Muinonen 2005) for each night that an object is detected twice. The process thus resembles the operation of a real survey where the orbital uncertainty of a given object gradually diminishes as more astrometry is obtained. The ranging method provides the full non-linear orbitalelement probability-density function (PDF) based on the synthetic astrometry-in practice a cloud of weighted orbital solutions that reproduce the synthetic astrometry within the limits set by the astrometric uncertainty. Using the PDF we assess whether elliptical solutions can be ruled out based on the synthetic astrometry.
The most obvious characteristic that separates an IC from its solar-system counterparts is its hyperbolic orbit with respect to the Sun. The typically high inclinations of ICs (Table 5) could also be utilized but this would possibly lead to a confusion as high inclinations and even retrograde orbits are known to exist for both near-Earth comets and near-Earth asteroids originating in the solar system (Greenstreet et al. 2012 ). To unambiguously determine whether an object is an IC we use the criterion that the minimum eccentricity within the orbital-element credibility region has to be greater than unity. In what follows, the credibility region encompasses 99.73% of an orbital solution's total probability mass thus correspond- Standard hyperbolic orbital elements in the ecliptic heliocentric reference frame are used: a is semi-major axis, e is eccentricity, i is inclination relative to the ecliptic, Ω is the longitude of the ascending node, ω is the argument of periapse, and v∞ is the excess velocity at infinity.
ing to the 3σ limit of a one-dimensional Gaussian distribution. In astrometric analyses of solar system bodies, we have found that single night arcs can always be fit with a hyperbolic orbit model, therefore, we require at least 2 pairs of detections spaced by 3 nights (in our mock LSST-like cadence) before considering a hyperbolic detection secure. It is interesting to note that while all solar system objects appear to be moving retrograde at opposition due to the Earth's faster orbital velocity, ICs are an exception to this rule. Even at opposition, they can have a prograde motion, as a result of their excess velocity.
4.9. Comet Model Each IC is typically detected tens or even hundreds of times during its perihelion passage. They are typically first "discovered" in the inner solar system at a heliocentric distance of ∼6 AU. The minimum and median distance to a detectable IC are ∼1.5 and ∼3 AU, respectively. If there were no lower limit on the size of an IC, i.e., if we allowed r min 0.1 km, then we would detect a larger population of smaller bodies closer to the Earth (see the astrometric results for the asteroid case below). Most ICs require 2-3 independent nights of observations during a timespan of 4-7 days to ensure that a hyperbolic orbit is the only viable solution. This rapid identification is due to the high rates of motion seen for typical ICs (∼200 arcseconds/hr or ∼1 deg/day), allowing for precise astrometric constraints over a short observational arc. The rapid motion is partially due to the higher orbital velocity experienced by unbound objects, but is also strongly due to the fact that a magnitudelimited survey will identify nearby objects that will have rapid apparent motion due to parallax from the Earth's motion. When the data are insufficient for a strong classification, ICs are usually confused with Aethra asteroids (Mars crossers).
In order to facilitate follow-up observations we compute the maximum sky-plane uncertainty 3 days and 14 days after the last detection. We assume that, e.g., photometric, spectrometric and polarimetric follow-up observations are feasible when the ephemeris uncertainty is below 30" 3 days after the last observation. When this limit has been reached it essentially guarantees that the uncertainty does not grow with time as the ongoing survey provides additional astrometry every 3 days. Similarly, we assume that Target-of-Opportunity-type observations can be planned when the ephemeris uncertainty is less than one degree within 2 weeks after the last detection. Most objects require 3 nights of observations spanning 7 days for the above criteria on the ephemeris uncertainty to be fulfilled. That is, the timeframe for establishing that an object is an IC is the same as the time frame for establishing its orbit sufficient for follow-up.
The ephemeris uncertainty drops quickly with increasing astrometry: at the time of fulfilling the above criteria the typical 3-day ephemeris uncertainty is only a few arcseconds, a few tens of arcseconds for the 14-day ephemeris uncertainty, and less than 0.2• 30 days into the future.
Asteroid Model
The astrometric results for ICs are probably applicable for a wide range of possible populations. However, interstellar asteroids are only detected in abundance when much smaller objects are seen and these ∼10-meter objects must necessarily pass very close to the Earth to be detected by LSST. As this can strongly affect the astrometric solutions, we repeated the above analysis for the asteroid population given in Table 5 .
Unsurprisingly, the typical geocentric discovery distance was nearly always less than 1 AU and the number of detections per perihelion passage was much lower, usually less than 10. These smaller bodies require more favorable observational circumstances to be brighter than the limiting magnitude.
Otherwise, the asteroid case was similar to the IC case: 2-3 nights spanning 4-7 days was sufficient to identify objects as hyperbolic and to have an ephemeris uncertainty small enough for recovery and Target-ofOpportunity observations. When the tracklet was too short to securely identify the object as interstellar, the most common classification was as an Apollo NEO.
Possible Discrete Source of ICs
Throughout the analysis thus far, we have been considering an IC population that is completely isotropic. However, it is possible that the population of ICs is more heterogeneous. If we were passing through the Oort cloud of another star, for example, the IC density would go up significantly (Stern 1987) . Recent stellar passages may be effective at temporarily stripping the Oort clouds of other stars, eventually resulting in an anisotropic IC source (e.g., Zheng & Valtonen 1999) .
ICs from individual systems are ejected primarily at inclinations less than ∼30
• with respect to the invariable plane (e.g., Duncan et al. 1989) . However, these planes are oriented isotropically, so that the IC "luminosity" of a planet forming system is similar (proportional to the inverse square of distance) to conventional photon luminosity. Throughout, we've assumed that we are searching for ICs from, effectively, the "diffuse IC background". Here we consider the possibility of a single dominant discrete source of ICs.
As pointed out in §2.3, interstellar micrometeorites appear to have a discrete source possibly associated with edge-on debris-disk and planet hosting star β Pictoris (Baggaley 2000; Murray et al. 2004) . A similar source for ICs is plausible and may significantly enhance their frequency over the estimates of M09.
As one of the nearest forming stars (19.4 pc), β Pic has been extensively studied. Since the discovery of micrometeories, observers have detected a collisionally active multi-component debris disk (Golimowski et al. 2006; de Vries et al. 2012 ) and a directly imaged planet (Lagrange et al. 2010; Chauvin et al. 2012 ) that was earlier predicted by theorists (e.g., Freistetter et al. 2007 ). There is every reason to expect that β Pic is actively ejecting ICs, some of which are currently passing through our solar system; the larger brethren of the already detected interstellar micrometeorites. (It's systemic radial velocity is ∼20 km s −1 and therefore cannot be a source of C/2007 W1, which was verified by direct backwards integration (P. A. Dybczyski, pers. comm.).)
To investigate this possibility, we considered a model where the ICs had no intrinsic velocity dispersion and thus come streaming in due only to the Sun's relative motion. This simulates what a single population of ICs from a discrete source may look like. Gravitational focusing can cause enhancements of interstellar particles at the antapex of the Sun's motion, and we did detect a weak spatial clustering of IC detections in this case. (Our nominal model showed no spatial clustering, as expected when the velocity dispersion of the ICs is larger or comparable to the solar velocity.)
The lower relative velocity also increases the importance of gravitational focusing and results in a slightly larger number of detectable objects to N LSST of 0.61, all else being equal. A "high IC luminosity" discrete source may also enhance the mass density of ICs, which is not included here, but could easily be a significant effect.
It is tantalizing to note that if an IC is detected and its orbit recovered, backwards integration over several million years could reveal a very specific location for its original source, potentially identifying it as a planetesimal from a specific system like β Pic (Dybczyński & Królikowska 2015) . Note that β Pic is here used as an example; the actual IC population may come from other discrete sources, including, potentially, multiple sources.
DISCUSSION AND CONCLUSIONS
The likelihood of detecting interstellar planetesimals has had a long and varied history. A modern understanding of the properties of the IC population was recently proposed by M09. In this work, we've studied the realistic observational aspects of detecting and characterizing this unknown population. Using a numerical model that tracks the position and brightness of ICs, we estimate that LSST could detect on the order of 1 IC during its 10 year lifetime, with orders of magnitude uncertainty mostly based on the actual frequency of small ICs. The expected size distribution of objects reduces this rate to ∼0.001, but including the contribution from interstellar asteroids or comet outbursts or discrete sources may boost the detection by 1-2 orders of magnitude. Frankly, some optimism is required to conclude that LSST will detect even 1 interstellar object.
While it is possible to improve our model, our results are sufficiently informative to begin the discussion of whether and how the astronomical community should conduct the search for ICs. Facing the stark realization that ICs are exquisitely rare, we can expect to find them at the threshold of detection. In a single night, they are generally indistinguishable from NEOs, asteroids, and long-period comets. Only at the time of the next LSST observations (nominally 3 and 6 days later), will it become clear that the orbit can only be fit when the eccentricity is greater than 1. They are moving rapidly (∼200 arcsec/hr, ∼1 deg/day) and will be difficult to link between single night detections. It is also likely that there will be occasional false positive linkages between unrelated solar system bodies that initially appear to be ICs. Algorithms attempting to detect solar system bodies may choose to discard detections and/or linkages that indicate an unbound orbit. This may be an easy way to help make the solar system moving object search more tractable, even though it would throw away any ICs that could nominally be detected. If possible, we recommend that systems searching for NEOs, asteroids, and/or comets (such as the Pan-STARRS Moving Object Processing System; Denneau et al. 2012) refrain from explicitly or implicitly biasing their systems against the algorithmic detectability of ICs, though these are vastly less frequent than solar system small bodies. The Pan-STARRS MOPS, in particular, is not explicitly biased against hyperbolic orbits.
ICs convey rare and unique planet formation information; rare because ICs are so hard to observe and unique because their observations complement other methods used to study planet formation. The work needed to discover ICs is accompanied by a strong desire to follow them up with other observations, both for orbit recovery and for detailed characterization (e.g., with JWST).
For this reason and based on our simulations, the ideal case is to discover and track ICs within 1-4 weeks, similar to NEOs. However, one of the strongest pieces of information gained from discovering an IC is their frequency and this could be determined in a specialized post facto search, well after any detected ICs are recoverable or observable. Given the significant probability that LSST will not detect any ICs, such a project should be prepared to place an upper limit on the IC frequency based on a null detection.
While it seems difficult to imagine now, we look forward to the day -perhaps in the distant future -that ICs are detected in such abundance that, like KBOs and exoplanets, the number of objects rapidly grows from zero to one to ten to a population so large it is hard to keep track of individual objects. It is exciting to consider what this future regime of IC studies could reveal about the formation and evolution of planetary systems in the Galaxy.
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APPENDIX
OTHER METHODS FOR DETECTING INTERSTELLAR COMETS
There may be other methods for detecting the signatures of interstellar comets besides standard direct photometric observation that we have assumed above. Here we briefly consider a few other possibilities, using the nominal mass density from M09. In considering the likelihood of detecting interstellar planetesimals, it is good to remember that they are expected to be many orders of magnitude less common than the small body populations of the solar system.
While we have a basic model for comet brightening based on empirical observations, it is known that some comets occasionally undergo huge outbursts, increasing in brightness by several magnitudes (e.g., Comet Holmes). Unless ICs have some preference for these rare outbursts, the frequency of rare outbursts on rare ICs must be negligibly small. Another method for observing comets is to observe them approaching the Sun. This is very fruitful for sungrazing comets, like those from the Kreutz group, but is not likely to be profitable for searching for rare ICs since the volume of space that is very close to the Sun is too small. Interstellar comets would leave meteor shower trails like regular comets. Indeed, interstellar comet candidate C/2007 W1 caused a readily detectable meteor shower from its single passage through the inner solar system (Wiegert et al. 2011) . Passing ICs could go undetected but cause streams that may be intercepted by the Earth, but generally these would be a tiny fraction compared to streams caused by solar system bodies. In fact, there can be hyperbolic components to meteors caused by gravitational interactions in the solar system, adding to the confusion (Wiegert 2014) . Previous interactions between ICs and other stars would have left trails that lace and thread the galaxy, but these presumably have a short lifetime, rendering detection and characterization unlikely. There may be signs of IC accretion onto solar system bodies. ICs can have unusually high orbital velocities and would often create hypervelocity craters on practically any solar system surface. However, the velocities are not expected to be so high as to be otherwise inexplicable for bodies in the inner solar system. In the Kuiper belt, where typical impact velocities between Kuiper Belt Objects are only ∼1 km/s, an impact by an IC with a velocity of ∼25 km/s could produce a somewhat unusual crater, although to first order only the impact energy can be deduced from a crater and not the initial velocity. Collisions between Kuiper Belt Objects and Oort Cloud comets can have higher collision velocities ∼5 km/s. However, even the most favorable IC population from M09 would suggest that the largest IC to hit Pluto over the age of the solar system was ∼1 meter in radius, which would make a crater far too small to be detected by New Horizons (Weaver et al. 2008) . The IC accretion rate and the integrated accretion are both so much smaller than accretion from solar system material that even extreme chemical or isotopic differences would be washed away. For example, based on the highest M09 abundance, the largest IC that has ever hit the Earth (which has intercepted a volume of ∼60 AU 3 over its 4.5 GYr history) is ∼30 m in radius, not even Tunguska-size. The dependence on the tiny mass density of ICs and small cross-sections of the planets echo studies that conclude interstellar panspermia is very difficult, at best (e.g., Melosh 2003; Wallis & Wickramasinghe 2004; Belbruno et al. 2012) .
Some ICs are gravitationally captured by the solar system (Valtonen & Innanen 1982) . Torbett (1986) study the ability of Jupiter to capture ICs and conclude that these captures would only occur every ∼ 60 MYr using the unrealistically high density of McGlynn & Chapman (1989) . Using estimates of M09, the total volume of planetesimals captured in this way over the age of the solar system is ∼1 km 3 . However, the analysis of Torbett (1986) assumed a single 20 km/s characteristic velocity for ICs and did not consider either a velocity dispersion, chaotic temporary captures, tidal disruption, or a possible discrete source of ICs. Nor did Torbett (1986) consider the post-capture orbital evolution of ICs. Since the new heliocentric orbit intersects the orbit of Jupiter, captured ICs will not generally be dynamically long-lived (and could be re-ejected). Recent captures that have not yet been destroyed or re-ejected may have unique heliocentric orbits, though the largest bodies on these orbits are probably only tens of meters in diameter or smaller, making them too small to detect except in extraordinary circumstances. Intriguingly, there are known comets (e.g., 96P/Machholz) with unusual chemical abundances and orbital parameters that have been hypothesized to have an interstellar origin (Langland-Shula & Smith 2007; Schleicher 2008) , though the expected abundance from M09 makes this very unlikely. Our model could fruitfully be expanded to include Jupiter and its gravitational influence to investigate this possibility in more detail, which we leave to future work.
Things can be different in the early solar system. First, the initial proto-solar nebula was presumably seeded with those ICs from previous generations of planet formation that had either a low velocity relative to the nebula by chance to be captured by aerodynamic drag. These are the larger components of "pre-solar grains" found in meteorites. Comparing the M09 estimated density of ICs with the density of the ISM, suggests that roughly 10 −6 of the material (by mass) in the proto-solar nebula may come from ICs. This may be sufficient to affect some processes of planet formation, which usually assume a pure dust and gas initial composition; an extreme example is that ICs may serve as seed particles to break the grain-grain bouncing growth barrier (Windmark et al. 2012) . In addition, a miniscule fraction of primitive small bodies in the solar system (and the ∼50000 meteorites in various collections) may actually have an extra-solar provenance, though it would be very difficult to prove this conclusively. Birth in a stellar cluster may significantly enhance the probability of capturing ICs into the early solar system (e.g., Perets & Kouwenhoven 2012; Levison et al. 2010b) , though this would decrease any distinguishing chemical features assuming the proto-cluster to be relatively homogeneous. Indeed, it is not even clear that these would be considered "extra-solar" at all.
Another possible detection method is serendipitous occultations. At first, this seems hopeless; the Kuiper belt is far more dense than the population of ICs, but there have only been clear detections of 2 small KBOs (Schlichting et al. 2012) , and even these are now severely called into question by New Horizons crater population statistics. On the other hand, presumably ICs are distributed throughout the galaxy, allowing for the volume along a line of sight to a distant object to potentially compensate for the low density of ICs. More distant objects have a larger IC "optical depth", resulting in something like Olbers paradox (in the geometric optics limit, which does not generally apply, see Heyl 2010) . It can be shown that the geometric enhancement in size for closer objects is exactly canceled by the smaller number of these objects in the cone-shaped line-of-sight to a distant object and that (for q 1 > 2), smaller ICs dominate over large ICs in optical depth. For objects even ∼10 kpc away using the density of M09, the covering fraction by cm-size ICs is only roughly 10 −7 . Extrapolating to smaller ICs becomes effectively the same as standard dust extinction towards distant objects. In any case, occultations are not a viable method for detecting the frequency of ICs or individual objects.
It is fair to conclude that the most likely method for detecting ICs is direct optical observation of the continuously inflowing hyperbolic IC population as discussed in the main text above.
